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D E V E L O P M E N T  O F  M A G N E T O H Y D R O D Y N A M I C  B O U N D A R Y  L A Y E R S  

A.  B .  V a t a z h i n  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  No.  

Many authors have studied the problem of the development of a 
hydrodynamic boundary layer when a body is suddenly set in motion. 
The results obtained are presented most fully in the monographs of H. 
Schlichting [I] and L. G. Loitsyanskii [2]. In magnetohydrodynamics 
the development of the boundary layer over the surface of an infinite 
fiat plate for uniform oncoming flow has been closely studied (for ex- 
ample [3, 4]). Below, the problem of the development of a plane 
magnetohydrodynamic boundary layer is considered in a different for- 
mulation. We shall suppose that the distributions of velocity U(x) and 
enthalpy h~c (x) are given along the body contour for t = 0. At that 
moment the viscosity and thermal conductivity mechanisms are in- 
stantaneously "switched on". Viscous and thermal boundary layers be- 
gin to grow in a direction normal to the body. The medium in the 
boundary layer interacts with the magnetic field. This formulation 
corresponds to the development of a magnetohydrodynamic boundary 
!ayer on a body which is set in motion with a jerk, in the case where 
the rate of estaNishment of magnetohydrodynamic flow of abe invis- 
cid, thermally nonconducting fluid around the body is much less than 
the rate of deveiopment of the boundary layer. Then U(x) and hcc(x ) 
are found by solving the problem of stationary magnetohydrodynamic 
flow of an inviscid thermally nonconducting fluid around a body, or 
simply the hydrodynamic flow if the medium interacts with the field 
only in the boundary layer. 

We  s h a l l  c o n s i d e r  a n o n s t a t i o n a r y  m a g n e t o h y d r o -  
d y n a m i c  b o u n d a r y  l a y e r  w h o s e  m a g n e t i c  f i e ld  v e c t o r  
I i e s  in t he  p l ane  of  f l ow .  We a s s u m e  t h a t  t he  m e d i u m  
is  i n c o m p r e s s i b l e  (P = eons t ) ,  t ha t  t h e  d y n a m i c  v i s -  
c o s i t y  and t h e r m a l  c o n d u c t i v i t y  c o e f f i c i e n t s ,  a s  w e l l  
a s  t h e  P r a n d t I  n u m b e r  P ,  a r e  c o n s t a n t ,  and t h a t  t h e  
c o n d u c t i v i t y  ~ i s  i s o t r o p i c .  We f u r t h e r  a s s u m e  t h a t  

t o g e t h e r  w i t h  t he  u s u a l  e s t i m a t e  f o r  a b o u n d a r y  l a y e r  
R >> 1, t h e  e s t i m a t e s  A >> 5, R m << 1 hold  ( w h e r e  5 
and A a r e ,  r e s p e c t i v e l y ,  t he  t h i c k n e s s  of  t he  b o u n d a r y  
l a y e r  and the  c h a r a c t e r i s t i c  d i m e n s i o n  of  v a r i a t i o n  of  

t h e  e x t e r n a l  m a g n e t i c  f i e l d ,  w h i c h  i s  i n d e p e n d e n t  of  
t i m e )  and R and R m a r e  t he  c h a r a c t e r i s t i c  o r d i n a r y  
and m a g n e t o h y d r o d y n a m i c  R e y n o l d s  n u m b e r s ,  d e t e r -  

m i n e d  f o r  t he  d i m e n s i o n  5.  T h e n  t h e  b o u n d a r y  l a y e r  
e q u a t i o n s  in t he  c o o r d i n a t e  s y s t e m  a t t a c h e d  to t he  body  
h a v e  t h e  f o r m  [4, 5] 
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w h e n  t h e  p a r a m e t e r s  a t  t h e  e d g e  o f  t h e  b o u n d a r y  l a y e r  

a r e  i n d e p e n d e n t  of  t i m e .  
H e r e  t he  x and y c o o r d i n a t e s  a r e  r e c k o n e d  a l o n g  the  

c o n t o u r  and in a d i r e c t i o n  n o r m a l  to i t ,  r e s p e c t i v e l y ,  

4, pp .  4 0 - 4 5 ,  1965 

U x '  = d U / d x ,  h i s  t h e  en tha lpy ,  u i s  t he  k i n e m a t i c  v i s -  
c o s i t y  c o e f f i c i e n t ,  0 i s  t he  s t a g n a t i o n  en tha lpy ,  a ,  and 
cr~ ~ a r e  t h e  c h a r a c t e r i s t i c  c o n d u c t i v i t y  and d i m e n s i o n -  
l e s s  c o n d u c t i v i t y  a t  t he  edge  of  t he  b o u n d a r y  l a y e r ,  
H = H (x) i s  t h e  n o r m a l  c o m p o n e n t  of  t he  app l i ed  m a g -  
n e t i c  f i e ld  at  po in t s  on the  c o n t o u r ,  E i s  t h e  p o t e n t i a l  
p a r t  of  t he  e l e c t r i c  f i e l d  c o m p o n e n t  in t h e  z d i r e c t i o n  
and i n d e p e n d e n t  of  c o o r d i n a t e s ,  and c i s  t he  v e l o c i t y  
of  l i gh t  in  v a c u u m .  T h e  f u n c t i o n s  e (x) and e a r e  d e -  
t e r m i n e d  by  the  g e o m e t r y  of  t h e  app l i ed  e l e c t r o m a g -  
n e t i c  f i e l d  and t h e  c o n d i t i o n s  of  c u r r e n t  f low.  We no te  
tha t  in v i e w  of  t h e  i n e q u a l i t y  (4•o-p/e 2) << 1, t he  r o t a -  
t i o n a l  c o m p o n e n t  of  the  e l e c t r i c  f i e l d  in t he  b o u n d a r y  

l a y e r  a r i s i n g  a s  a r e s u l t  of  t he  t i m e  i n d e p e n d e n c e  of  
t h e  i nduced  m a g n e t i c  f i e ld  c o m p o n e n t s  i s  n e g l i g i b l y  
s m a l l .  In t h e  g e n e r a l  c a s e  t he  q u a n t i t y  E m a y  depend  
on t i m e ;  h o w e v e r ,  w h e n  c u r r e n t s  f l e w  f r e e l y  in the  z 

d i r e c t i o n ,  t h e n  E = 0 i f  t he  m a g n e t i c  f i e ld  i s  f ixed  
r e l a t i v e  to  t h e  body  and E = - c - I H , V  i f  t he  body  

m o v e s  w i t h  a v e l o c i t y  V = c o n s t  in  a u n i f o r m  f i e ld  H 
n o r m a l  to  the  d i r e c t i o n  of  m o t i o n .  

F o r  t h e  s o l u t i o n  of  s y s t e m  (1 ) - (3 )  t he  b o u n d a r y  and 
i n i t i a l  c o n d i t i o n s  a r e  

u = U ( x ) ,  O = O ~ ( x )  f o r  O < 9 < ~ , t = o ;  ~s . . . .  t > 0 ,  
t~=O,  v = O ,  O=h,~(x )  f o r  v = 0 ,  t > o ,  (4) 

(0~ (x) = s%(x) + o.su"-, (dO.Ida) = ~=~ ( :  -'.- ~8 ~)). 

If t he  c o n d u c t i v i t y  i s  u n i f o r m  a ~ = 1, t h e n  e q u a t i o n s  
(1) and (2) m a y  be  s o l v e d  i n d e p e n d e n t l y  of  e q u a t i o n  (3).  
If  cr = cr(h), t h e n  t h e  s y s t e m  (1 ) - (3 )  m u s t  be  s o l v e d  
j o i n t l y .  

W e  s h a l l  s e e k  a s o l u t i o n  of  s y s t e m  (1 ) - (3 )  wi th  

b o u n d a r y  c o n d i t i o n s  (4) in t he  f o r m  

~ ) = 2 Y ~ , t f i o ( X , q ) - L t l ~ ( x , ~ l )  {-t212( x, ::) i - .  ], 

�9 V 

u = ~ - -  aq- _t_ t ~]7 t'-D7 4- " ' "  . 2 l /  "U(5)  

o ,  __ _ 2 V Cri l-~ ~- t as,.. _ : . / :  oi~. 
v - - - - 0 ~  L a.c ' ' o.,. ! . . . I ,  

0 = Oo (x, ~i) 1- tO, (.r, q) '1- t20= , (r, ~:) i- �9 �9 �9 

T h e  e l e c t r i c a l  c o n d u c t i v i t y  i s  g i v e n  by the  s e r i e s  

a ~ =-(s0-] l o i ! -  t~o~-I . . . . .  

w h o s e  c o e f f i c i e n t s  a r e  found wi th  t he  h e l p  of  t h e  e x -  

p a n s i o n  f o r  t h e  e n t h a l p y ;  % i s  c a l c u l a t e d  f r o m  the  
e n t h a l p y  h. - t),, - -  0.5 (./~: I oG)-'. 

Set• (5) in system (1)-(3) and equating coeffi- 
cients of like powers of t, we obtain the equations 

a<% 0~i,~ : t), a,1:i ! 211 ()ll~ 

f01, / <"'> 
o =  o, oV ,  . . . .  : I ' t<',.),: o (6) 

c) 
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o'qt 4 Oh = o*t~O,18 + 2,~ ~ - -  - ~  2II, 

=0, =o,  (~ =0, 
Oq 1~=8 \ Oq]~=co k Ox /~,=o 

~(Olo 0818 UU~" 01o O~to) + 

+ 2e ( 5 o ~ - -  a:o~ + 2e ( : o - -  roe~ (7) 

o,o0 OOo 0.5~L-p) ~ [[O~o~,] 
o~, ~- 2)~ ~ -  = p 0,~8 L ~. o n / j '  

0o (x, o) = h~, Oo (z, o~) = 0co, (S) 

~O~0~__i_ + 2~ o0~.~ __ 40~ = 2Q, 0~ (x, O) = 0, 

0~ (~, o~) = o (x = ~ V ~ ) ,  ( 9 )  

Q (x,k) = 2. __ o~ 0~ ~ / +  

0.5(t--p) ot (olo Oll ~ --2ezo (oto Jr + 

Equa t ion  (6) m a y  be  r e g a r d e d  a s  a n  o r d i n a r y  l i n e a r  
h o m o g e n e o u s  d i f f e r e n t i a l  equa t ion ,  in  the  func t i on  0[o / 0~, 
of the  second  o r d e r  wi th  r e s p e c t  to ~, w h e r e  x a p p e a r s  
a s  a p a r a m e t e r .  To s o l v e  i t  we  e m p l o y  the  f i r s t  two 
b o u n d a r y  c o n d i t i o n s .  The  s o l u t i o n  has  the  f o r m  

(10) 
0 

U s i n g  the  l a s t  b o u n d a r y  cond i t i on ,  we f ind 

/o = U Ier f  ~ld~l = U (~1 erf~l + ~t-'/, [exp ( - -  ~18) - -  i ]} . ( l l )  
o 

Equa t ion  (8) m a y  be  s i m i l a r l y  i n t e g r a t e d :  

Oo = hw + 0.5 ] / 'aA err k + 0.5 (t - -  P) r (~), 

A = 2 ~ = / , [ O c o - - h ~ , O . 5 g V ' ~ ( i  - - P ) ] ,  (12) 
co 

0 

as Oto ~ (13) 
r 

o 0 

G (~) = (t + 2X ~) Err ~ exp ~" - -  2n-'/,~, 

(G >/0, Erf X = i --  err ~) �9 

T a k i n g  (11), (12) in to  a c c o u n t ,  we r e d u c e  equation ' 
(7) to a n  o r d i n a r y  l i n e a r  d i f f e r e n t i a l  equa t i on  in  the  
functionO]~ / 0~,of the  s e c o n d  o r d e r  wi th  r e s p e c t  to ~?, 
wh ich  i s  so lved  wi th  the  h e l p  of the  f i r s t  two b o u n d a r y  
c o n d i t i o n s .  The  l a s t  c o n d i t i o n  a l l o w s  us  to  d e t e r m i n e  
the  func t i on  f l  (x,*7). We  m a y  s u b s e q u e n t l y  i n t e g r a t e  
e q u a t i o n  (9) a s  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  in  01, 

It  was  shown  in  [4] t ha t  the  s o l u t i o n  of  e q u a t i o n  

O " +  2,10' - -  4 r  = 2~ (~), �9 (0) = 0, r (o~) = 0(14) 

is  the  f u n c t i o n  L(*I) = L[~ ,  ~ (~) ] ,  wh ich  h a s  the  fo l -  
lowing  p r o p e r t i e s :  

co 

(I) = L I ~l, T (~)], (D' (0) = - -  2 ~ G (~) qD (~) d~, 

" (15 )  L [ ~ ,  ~ ] ~ 0  i f  q~.>0 ( o < ~ < ~ ) ,  

L [q, ki(~t + k__q%] = k iL  [~,(hl + k~L [*1,%] (k~,kz = const). 

The  e x p r e s s i o n  fo r  the  func t ion  L and the  g r aph  of  
the  func t ion  G d e t e r m i n e d  f r o m  (13) a r e  g iven  in  [4]. 

�9 On the  b a s i s  of (14), (15) 

ot_.~ = L [~1, H], (o~1, ~ = UU~'N + UC, (16) 8q \ Oq 2 ] ~=o 
co 

N = - -  4 IG (,1) ~ (~) dm 
o 

co 

C : 4 ~G (B) [e~co~ ~ - -  ~o)--SZo err 71] d~l, 
o 

x (~l) = (err ~)2 __ (i '  err T I d~l) (eri q)' - -  l ,  
(17) 

(. oo~ 
01 = L [ X ,  Q], ~-~-/~,---o = S l + S 2 + S ~  

i (  0j, OOo Olo oo0) c 
si = - - 4  0"11 Ox Ox O,1 

co 

s8 = 4e f G*0 (erf ~l + ee-1) dX, 
o 

Ss= (P - -  1) 0ix o~G 
ax e on ~ -  dX. 

o 

The  equa t ions  fo r  a p p r o x i m a t i o n s  of  h i g h e r  o r d e r  
m a y  a l so  be  r e d u c e d  to the  i n t e g r a t i o n  of o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s ,  which  m a y  be  c a r r i e d  out  by  
q u a d r a t u r e s  [6]. 

We sha l l  con f ine  o u r s e l v e s  t e a  s tudy  of  the  z e r o - t h  
and f i r s t  a p p r o x i m a t i o n s .  The  s u r f a c e  f r i c t i o n  coeff i"  
c i e n t  

C t 

The  quan t i t y  N was  c a l c u l a t e d  by  B l a s i u s  [1]t 

_ 2 t 4 N_ -w( 

We shall consider the case of constant electrical conductivity 
oo~ = 0 o = |. ~"hen 

co 
I 28 . 

C=4e G(n)Erfnd~l=--  ~ ,  
o 

(19) 

+ ,  

If boundary layer separation occurs, then the moment of separa- 
tion, determined by taking only the two first appmximatiom into ac- 
c o n n t ,  e q l l a l $  

Since e >~ O, for separation to occur there must be points on the 
contour where Ux'~O. Expressing Ux' in terms of the pressure gradient 
Px' = dpco / dz, we find 

t" { ~ ( t - i -  -U- ~ ] : - 3 ~ J  " (20) 

If the quantity in the braces is negative, then boundary layer 
separation will not occur. Since e >~ O, for an identical pre~ure d~tri- 
bution over the body the magnemhydmdynamic interaction deten'oXned 
by the force c-~av X It,always favors the earlier separation of the 
boundary layer. The electromagnetic interaction on the flow deter- 
mined by the force c-~E ~: H, favors earlier separation if * > O, and 
later separation if e < 0. These conclusions agree with the results of 



J .  A P P L .  M E C H .  T E C H .  P H Y S . ,  N U M B E R  4 27 

[7] where the influence of the magnetic field on boundary layer sepa- 
ration was investigated for a stationary flow. 

If the body moves with a velocity V in an external uniform field 
t l .  and V A_ H., then 

,,!.-1 = __ e (V / U)  ( H ,  I H ) .  

In the case of an infinite fiat plate 

Px" =: O, eU-* :: - -  

and in accordance with (20), boundary layer separation will not occur. 
We shall examine the case when the electric field is zero: e = O. 

In this case the magnetic field is fixed relative to the body. We shaI1 
suppose that the flow outside the boundary layer does not interact 
~rith the field (%c ~ = 0). 

For P = I we find from (12), taking (10) into account, 

ht, = h,c -~ (h,~ - -  It,,, -i- 0.5U") err ~l - -  0.5Ue (err ~l) 2 . (21) 

Let ~ (hoc) = 0, and for h > hoe let the electrical conductivity de- 
pend on the enthalpy according to a power law. Then, if 1% .~ hoe 
(the eIectrical conductivity is enhanced due to kinetic energy dissipa- 
tion), 

z0 = ~ h, / t h,-7) ll=;2~j = (n), 
(22) 

cr = 0.5h,-IU ~-, al 0l) = Err ~l err ~l. 

Here h. is the enthalpy from which the characteristic conductivity 
o. is determined, 

If the velocities are small ha, >> hzc (gas hearing occurs as a re- 
suit of heat transfer from the wall), then 

[h,v ~n 
~o = t ~ )  (E,.~ n) '~. (2a) 

Finally, if the surface is thermally isolated and P = 1, then we 
find from (8) that 00 --- const and 

Where (22) and (24) hold, the quantity C and the moment of sepa- 
ration (if it comes about) are equal: 

C1~=--@(xn~- l / ' i~ '  t* = [--Ux'  (i-[-:i:~) . . . . .  ! -r 2au %j (k :1 ,  2), 
0 3  CO 

0 0 

Values of the integrals i I and i z are given in [4]. When (23) holds 
and n = 1 

21%e (4 - -  ,~) ( h.~e (4 - -  ,~) 1 
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